Abstract. This paper is concerned with free vibration analysis of plate/shell coupled structures with two opposite edges simply supported by the method of reverberation-ray matrix. The equations of motion of the flat plate and the open circular cylindrical shell, respectively based on the classical thin plate theory and the Flügge thin shell theory, are introduced. Analytical solutions of the combination of a traveling wave form along the circumferential direction and a standing wave form along the axial direction are obtained. The method of reverberation-ray matrix is applied to derive the equation of the natural frequencies for the plate/shell coupled structures. The semi-analytical natural frequencies are obtained with the employment of the golden section search algorithm. The semi-analytical calculation results of three typical plate/shell coupled structures are presented and the results are compared with those obtained by the finite element method. The comparison shows that the calculation results obtained in this paper are of high accuracy and that the formulation presented in this manuscript are validated for free vibration analysis of plate/shell coupled structures.
Introduction
Thin plates and thin shells are extensively used in civil, mechanical and aeronautical engineering as well as in naval architecture and ocean engineering. Most of the practical engineering structures, such as the fuselages of aircraft, the ship hulls and the ocean platforms, etc., involve plate/shell coupled structures. The vibration behaviors of such coupled structures attract much attention from engineers in their practical designs. Quite a few experimental and analytical studies have been conducted on vibration analysis of plates and shells, but not so many researches are concerned with the plate/shell coupled structures.
Vibration of coupled structures with plate components has been studied by many researchers in the past decades. Vibration behaviors of folded plates are analyzed in literature [1] [2] [3] [4] [5] [6] [7] [8] [9] . Vibration characteristics of and power flow transmission through the L-shaped plate are studied in [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Vibration behaviors of box-type structures are investigated by a few researchers. Dickinson and Warburton [21] analyzed the free flexural vibrations of open and closed rectangular boxes and presented a theoretical solution using a sine series. Popplewell [22] studied the free vibration of a box-type structure and the natural frequencies and normal modes are presented. Handa [23] analyzed the in-plane vibration of box-type structures by a finite element method. By considering the spatial properties of distributed forces in terms of their Fourier components and hypothesizing that the uniform component is dominant, Fulford and Petersson [24, 25] accounted for the spatially distributed wavefield at the connections of the built-up structures and the vibratory power for the box-like structure supported by an infinite plate-like recipient were considered. Lee and Wooh [26] presented the free vibration analysis of folded structures and box beams made of composite materials using a four-noded Lagrangian and Hermite finite element that incorporates high order transverse shear deformation and rotary inertia and the significance of the high order plate theory in analyzing folded structures is enunciated. Lin and Pan studied the vibration characteristics of a box-type structure using the finite element method [27] , and subsequently investigated the sound radiation characteristics of a box-type structure with the employment of the finite element and boundary element methods [28] . More recently, Chen et al. [29] developed an analytical approach to investigate the vibration behaviors of a box-type built-up structure and energy transmission through the structure.
Most of the available researches on plate/shell coupled structures are concerned with closed circular cylindrical shells with end plates. Yamada et al. [30] presented the free vibration analysis of a circular cylindrical double-shell system closed by end plates. Schlesinger [31] investigated the transmission of elastic waves from a cylinder to an attached flat plate with the wave approach. Tso and Hansen [32] also studied the transmission of vibration waves through cylinder/plate junctions. Stanley and Ganesan [33] determined the natural frequencies of cylindrical shells with a circular plate attached at arbitrary locations for various boundary conditions using the semi-analytical finite element method. Tso and Hansen [34] presented a theoretical and experimental study of the transmission of vibration through a two element structure which consists of a cylindrical shell coupled to an end plate. Wu et al. [35] analyzed the vibroacoustic coupling between a finite circular cylindrical shell closed at each end by a piece of circular plate and its enclosed cavity by using the covering-domain method, which transforms the calculation of the scattering sound field of a complicated-shaped close cavity to that of a series of simply regular-shaped close shells. Wang et al. [36] formulated a substructure approach to investigate the power flow characteristics of a plate-cylindrical shell system subject to both conservative and dissipative coupling conditions. Liang and Chen [37] investigated the natural frequencies and mode shapes for a conical shell with an annular end plate or a round end plate by means of the transfer matrix method. Subsequently, Liang et al. [38] extended the transfer matrix method to analyze a composite laminated conical-plate shell. Recently, much attentions are paid to vibration analysis of joined cylindrical, conical or spherical shells [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] .
This paper presents an analytical formulation for the free vibration analysis of plate/shell coupled structures with two opposite edges simply supported. Firstly, the force and moment resultants in a thin plate and in an open circular cylindrical shell (OCCS) are presented and the equations of motion of the thin plate and the OCCS, respectively based on the classical thin plate theory and the Flügge thin shell theory, are introduced. Then, analytical solutions of the combination of a traveling wave form along the circumferential direction and a standing wave form along the axial direction are obtained for both of the thin plate and the OCCS with two opposite edges simply supported. Subsequently, the method of reverberation-ray matrix (MRRM) is employed to derive the equation of natural frequencies for plate/shell coupled structures and the golden section search algorithm is applied to find the semi-analytical natural frequencies of the plate/shell coupled structures. Finally, the calculation results of three typical plate/shell coupled structures are presented and the results are compared with those obtained by the finite element method.
Formulation
According to the classical thin plate theory and the Flügge thin shell theory, the force and moment resultants and the governing differential equations for the basic components of the plate/shell coupled structures are presented at the beginning of this section. Analytical solutions of the combination form of a traveling wave along one direction and a standing wave along the other direction are obtained for both of the thin plate and the OCCS with two opposite edges simply supported. After that, the displacements and the force and moment resultants are expressed in matrix form to derive the scattering matrix, the phase matrix and the permutation matrix, which are subsequently used to formulate the reverberation-ray matrix and to obtain the equation of natural frequencies of the plate/shell coupled structures. Finally, the golden section search algorithm is applied to find the natural frequencies of the plate/shell coupled structures.
Force and moment resultants in a plate
The force and moment resultants in a thin plate are shown in Fig. 1 , in which the positive directions are indicated. Based on the generalized Hooke's law, the strain-displacement relations and the stress-strain relations of the element of the thin plate, the force and moment resultants in the plate can be expressed in terms of the in-plane longitudinal, in-plane shear and out-plane displacements as follows:
= − + ,
where , and denote the in-plane longitudinal, in-plane shear and out-plane displacements along , and directions, respectively. = ℎ (1 − ) ⁄ and = ℎ 12(1 − ) ⁄ are the membrane stiffness and the bending stiffness of the plate, where is Young's modulus, is Poisson's ratio, and ℎ is the thickness of the plate. and denote the in-plane normal forces, and , the in-plane shear forces, and , the bending moment, and , the torsional moment, and and , the out-plane shear forces, and , represent the Kirchhoff effective shear force resultants of the first kind acting on the cross-sections perpendicular to the and directions, respectively. 
Governing differential equations and the solutions of the plate
According to the dynamic equilibrium of forces in the , and directions and the relations of the force and moment resultants with the displacements defined by Eqs. (1)-(10), the governing differential equations for the free vibration of a thin plate are obtained as follows:
where is the mass density of the plate. Taking the Fourier transforms of Eqs. (11)- (13), the governing differential equations can be expressed in the frequency domain as:
where a tide over a symbol represents the corresponding physical quantity in the frequency domain, = (1 − ) ⁄ ⁄ denotes the in-plane longitudinal wave number of the thin plate, and is the circular frequency.
With respect to a thin plate simply supported at = 0 and = , the in-plane longitudinal, in-plane shear, and out-plane displacements can be expressed as the series summation of the products of the modal waves along direction and the traveling waves along direction [51] :
where = ⁄ denotes the wave number in the direction, is the mode number and represents the length of the plate.
= ( − ) ⁄ and = ( + ) ⁄ are respectively the wave numbers along the direction for the propagating and evanescent waves corresponding to the out-plane displacement.
= ( − ) ⁄ and = ( − ) ⁄ are respectively the wave numbers along the direction for the propagating waves corresponding to the in-plane displacements.
= ( ℎ ⁄ ) ⁄ is the in vacuo flexural wave number of the plate. = 2(1 + ) ⁄ ⁄ denotes the in-plane shear wave number. Wave amplitudes corresponding to the arriving wave and the departing wave are respectively indicated by and ( = 1-4), in which ( = 1, 2) for flexural waves of the out-plane displacement and ( = 3, 4) for longitudinal waves and shear waves of the in-plane displacements.
The rotation of the normal to the mid-plane of the plate about the direction is defined as:
According to Eq. (19), the above-mentioned rotation can be expressed in frequency domain as:
Substituting Eqs. (17)-19) into the Fourier transforms of Eqs. (2), (3), (5) and (10) yields the frequency domain expressions of the force and moment resultants of the plate:
For an arbitrary axial mode number , Eqs. (17)- (19) and (21) can be expressed in matrix form as:
where denotes the displacement vector of the plate, ( ) indicates the axial mode matrix, and * represents the vector of the traveling wave solutions corresponding to the displacement vector. They are presented in detail as follows:
in which and are coefficient matrices, and are amplitude vectors corresponding to the arriving wave and the departing wave, respectively. ( ) represents the phase matrix. They are presented in detail as follows:
Similarly, for an arbitrary axial mode number , Eqs. (22)- (25) can be expressed in matrix form as:
where the physical significance and expression of ( ) are the same as those presented in Eq. (28) .
denotes the force vector of the plate, and * represents the vector of the wave solutions corresponding to the force vector. They are presented in detail as follows:
in which the physical significances and expressions of ( ), and are the same as those defined in Eq. (29) . and are coefficient matrices corresponding to the arriving wave and the departing wave of the force and moment resultants of the plate. They are presented in detail as follows:
where is a non-dimensional parameter presented in Appendix A.1.
Force and moment resultants in an open circular cylindrical shell
The force and moment resultants in an OCCS are shown in Fig. 2 , in which the positive directions are indicated. Based on the Flügge thin shell theory, the force and moment resultants in the OCCS can be expressed in terms of the axial, circumferential and radial displacements as follows:
where , and denote the displacement components in the axial ( ), circumferential ( ), and radial ( ) directions, respectively. = ℎ 1 − ⁄ and = ℎ 12(1 − ) ⁄ are the membrane stiffness and the bending stiffness of the shell, where is Young's modulus, is Poisson's ratio, ℎ is the thickness and is the radius of the shell. = ℎ 12 ⁄ is a dimensionless parameter, which is related with the ratio of the shell thickness to the shell radius. , , , and are dimensionless parameters presented in Appendix A.1. and denote the in-plane normal forces, and , the in-plane shear forces, and , the bending moment, and , the torsional moment, and and , the out-plane shear forces acting on the cross-sections perpendicular to the axial and circumferential directions, respectively. Besides, and indicate the Kirchhoff effective shear force resultants of the first kind, namely, the in-plane shear force resultants, and and , the Kirchhoff effective shear force resultants of the second kind, namely, the out-plane shear force resultants acting on the cross-sections perpendicular to the axial and circumferential directions, respectively. 
Governing differential equations and solutions of the open circular cylindrical shell
The governing differential equations for the free vibration of an OCCS based on the Flügge thin shell theory can be written as:
Taking the Fourier transforms of Eqs. (53)- (55), the governing differential equations can be expressed in the frequency domain as:
With respect to an OCCS simply supported at = 0 and = , the axial, circumferential and radial displacements can be expressed as the series summation of the products of the mode waves along the axial direction and the traveling waves along the circumferential direction:
where = ⁄ denotes the wave number in the x direction, is the mode number and represents the length of the shell. and ( = 1-4) represent wave amplitudes corresponding to the arriving wave and the departing wave, respectively. and ( = 1-4) are amplitude coefficients of the axial and circumferential waves. The expressions of and are defined as follows:
and ( = 1-4) are circumferential wave numbers defined by the following equation:
where ( = 1-3), ( = 1-2) and ( = 1-10) are non-dimensional parameters presented in detail in Appendix A1 and Appendix A2. The rotation of the normal to the mid-surface of the shell about the axial direction is defined as:
According to Eqs. (60) and (61), the above-mentioned rotation can be expressed in frequency domain as:
Meanwhile, substitution of Eqs. (59)- (61) into the Fourier transforms of Eqs. (40), (44), (50) and (52) yields the frequency domain expressions of the force and moment resultants in the OCCS:
For an arbitrary axial mode number , Eqs. (59)- (61) and (66) can be expressed in matrix form as:
where denotes the displacement vector of the OCCS, ( ) indicates the axial mode matrix and * represents the vector of the circumferential traveling wave solutions corresponding to the displacement vector. They are presented in detail as follows:
in which ( ) denotes the phase matrix. and are amplitude vectors corresponding to the arriving wave and the departing wave of the displacements of the OCCS, respectively. They are presented in detail as follows:
and and are coefficient matrices corresponding to the arriving wave and the departing wave of the displacements of the OCCS, respectively. The elements of the coefficient matrices and are listed as follows:
where = 1, 2, 3, 4.
Similarly, for an arbitrary axial mode number , Eqs. (67)- (70) can be expressed in matrix form as:
where the physical significance and expression of ( ) are the same as those presented in Eq. (71).
denotes the force vector of the shell, and * represents the vector of the circumferential wave solutions corresponding to the force vector. They are presented in detail as follows:
in which and are coefficient matrices corresponding to the arriving wave and the departing wave of the force and moment resultants of the OCCS, respectively. The elements of the coefficient matrices and are listed as follows:
Equation of natural frequencies for the plate/shell coupled structures
Taking advantage of the unidirectional wave form solutions of matrix form for the thin plate obtained in Subsection 2.2 and for the OCCS obtained in Subsection 2.4, the MRRM is introduced to derive the equation of the natural frequencies of the plate/shell coupled structures.
Firstly, the plate/shell coupled structure is discretized into basic components such as flat plates and OCCSs. A dual local coordinate system is established for each of the components at both of the ends, where the cartesian coordinate for a flat plate and the circular cylindrical coordinate for an OCCS. Then, the local scattering matrix is derived according to the continuity conditions of the displacements and the equilibrium conditions of the internal forces and moments at each of the joints of the plate/shell coupled structure. Meanwhile, the local phase matrix is obtained according to the inherent relations of the harmonic waves in the dual local coordinate system. With all of the local scattering matrices and all of the local phase matrices respectively assembled into a global scattering matrix and a global phase matrix, the global scattering equation and the global phase equation are obtained. When keeping the two global amplitude vectors of the arriving wave the same, the two global amplitude vectors of the departing wave contain the same scalar state variables arranged in different sequential orders. Therefore, a permutation equation can be obtained from the relation between the two global amplitude vectors of the departing wave. Subsequently, the reverberation-ray matrix can be obtained from the simultaneous equations of the global scattering equation, the global phase equation and the permutation equation. Finally, the equation of the natural frequencies can be derived by equating the determinant of the coefficient matrix of the global amplitude vector of the departing wave to zero.
With the derivation procedure mentioned above, the equations of the natural frequencies of the three plate/shell coupled structures including a box-type structure, a racetrack cylindrical shell and a ship hull structure will be obtained in the following discussions in this subsection. However, since the three independent derivation procedures are quite similar to each other, for simplicity, one of them will be taken as an example and the other two will be omitted. Note that the solutions obtained in Subsection 2.2 are applied for flat plate components while the solutions obtained in Subsection 2.4 are applied for OCCS components.
Next, the derivation for equation of the natural frequencies of the racetrack cylindrical shell shown in Fig. 3 , is presented as follows. 
Scattering matrix
The continuity conditions for the plate and the OCCS at Node Line 1 are presented as follows:
which can be rewritten in matrix form as:
where = diag 1 − 1 − 11 denotes the transfer matrix corresponding to the displacement vector at Node Line 1. The variables with superscript ( , = 1-4) indicate the physical quantities of the substructure bounded by Node Line and Node Line , this will not be mentioned repeatedly in the following discussions.
Since the local coordinates are established at the node lines, the phase matrix turns to be a unit matrix at the node lines. Taking into account of this condition and substituting Eqs. (26) and (71) into Eq. (90) yields:
Meanwhile, the equilibrium conditions for the plate and the OCCS at Node Line 1 are presented as:
where = − denotes the transfer matrix corresponding to the force vector at Node Line 1. Substitution of Eqs. (34) and (82) into Eq. (93) results in:
Eqs. (91) and (94) can be combined and expressed in a single matrix form as:
where = ( ) ( ) and = ( ) ( ) are amplitude coefficients of the departing wave and arriving wave at Node Line 1, respectively. , the scattering matrix at Node Line 1, is defined as:
In the same manner, the scattering relations and scattering matrices for the rest node lines can be obtained. For simplicity, the derivation procedures are omitted and the results are given straightforwardly as follows.
The scattering relations at an arbitrary node line can be presented as:
where = ( ) ( ) and = ( ) ( ) are amplitude coefficients of the departing wave and arriving wave at Node Line , respectively. , the scattering matrix at Node Line , is defined as:
in which = 2, 3, 4. As = 2 and 3, = − 1 and = + 1. However, as = 4, = 3 and = 1. Assembling all of the local scattering equations for Node Line 1-4 by stacking -and -into two column vectors and , the global scattering equation can be obtained as follows:
where and are global amplitude vectors of the departing wave and the arriving wave, and is the global scattering matrix. They are presented in detail as follows:
Phase matrix
The phase relations of harmonic waves in the dual coordinate system provide additional equations for solving the unknown amplitude vectors. Note that the departing wave from Node Line 1 (3) is exactly the arriving wave to Node Line 2 (4), and vice versa. Therefore, the amplitudes of the departing wave and the arriving wave differ with each other by a phase factor.
With the employment of the solutions for the plate obtained in Subsection 2.2, the relations between the amplitudes of the departing wave and the arriving wave between Node Line 1 (3) and Node Line 2 (4) are presented as: 
where the physical significance and expression of are the same as the one presented in Eq. (99). * is a rearranged global amplitude vector of the departing wave, and is the global phase matrix. They are presented in detail as follows: * = ,
where denotes the included angle of the OCCS, and represents the length of the plate in y direction.
Permutation matrix
A comparison of the global amplitude vectors of the departing wave and * indicates that the two amplitude vectors contain the same scalar state variables arranged in different sequential orders. The relation between and * is:
where is the permutation matrix, which is presented in detail as follows:
in which and are respectively zero matrix and unit matrix of fourth order.
Reverberation-ray matrix and the equation of natural frequencies
Substitution of Eqs. (107) and (110) into Eq. (99) yields:
where is a unit matrix of 32nd order, and = is defined as the reverberation-ray matrix of the racetrack cylindrical shell.
To obtain a nontrivial solution of the global amplitude vector of the departing wave, the determinant of ( − ) must be zero, namely:
which is the equation of natural frequencies of the racetrack cylindrical shell.
Searching algorithm for natural frequencies
As the equation of natural frequencies of the plate/shell coupled structure is obtained, the problem at hand is to solve the equation for the natural frequencies. It is obvious that the left hand side of Eq. (113) is a function of frequency, and the natural frequencies are zeros of the function. Unfortunately, for most of the frequencies, the function values are complex numbers. Therefore, finding the zeros of the function needs to search the common zeros of the real part and the imaginary part of the function. A good idea is to search the zeros or the minimal values of the absolute value of the function. This simple approach is adopted in this paper and the golden section search algorithm is introduced to determine the natural frequencies of the plate/shell coupled structure. The procedure for determining the natural frequencies of the plate/shell coupled structure is same to the one for free vibration analysis of open and closed circular cylindrical shell by MRRM presented in [52] [53] [54] .
Results and discussions
In this section, free vibration analysis of plate/shell coupled structures with two opposite edges simply supported is presented to verify the validity and accuracy of the present method. The natural frequencies of the three plate/shell coupled structures are calculated by MRRM and by FEM, and the comparison results are presented in tabular form. It is particularly pointed out that all the results obtained by FEM in the following discussions are calculated with the commercial software ANSYS.
The box-type structure
Studies on the free vibration of the box-type structure, as shown in Fig. 4 , with two opposite edges simply supported are conducted in this subsection. The material properties of the box-type structure are: Young's modulus = 2.1×10 11 Pa, Poisson's ratio = 0.3, mass density = 7800 kg m −3 , and the geometrical parameters of the box-type structure are:
= 10 m, = = 4 m, ℎ = 0.01 m. The results for natural frequencies of the box-type structure obtained by MRRM are compared with those obtained by FEM in Table 1 , where denotes the axial mode number, represents the mode number in the circumferential direction, and P-Error indicates the percentage error between the results obtained by MRRM and FEM. It can be found from Table 1 that, the natural frequencies obtained by MRRM and FEM agree well with each other. The maximum of the percentage errors is 0.20 %, and most of the percentage errors are no larger than 0.10 %. The small discrepancies in the results should be attributed to the approximation of FEM. Therefore, it indicates that MRRM is validate and of high precision for free vibration analysis of plate coupled structures such as the box-type structure.
The racetrack cylindrical shell
Consider an isotropic, racetrack cylindrical shell composed of thin plates and OCCSs with axial length = 10 m, uniform thickness ℎ = 0.01 m, circumferential length of the plate = 4 m, middle surface radius of the OCCS = 2 m, as shown in Fig. 5 . The material properties of the racetrack cylindrical shell are the same as those defined for the box-type structure. The results for the natural frequencies of the racetrack cylindrical shell obtained by MRRM are compared with those obtained by FEM in Table 2 , in which the notations are of the same meaning as those in Table 1 . Table 2 shows that the natural frequencies obtained by MRRM and FEM agree well with each other. The maximum of the percentage errors is 1.34%, and most of the percentage errors are no larger than 1.00 %. The difference between the results obtained by MRRM and FEM may be caused by the approximation of FEM and the different shell theories adopted by FEM and this paper. Therefore, it indicates that MRRM is validate for free vibration analysis of plate-shell coupled structures such as the racetrack cylindrical shell, and the results are of high precision. 
The ship hull structure
In this subsection, the natural frequencies of the ship hull structure, as shown in Fig. 6 , with two opposite edges simply supported are calculated. The material properties of the ship hull structure are the same as those defined for the box-type structure. The geometrical parameters are:
= 10 m, = 2 m, = 4m, = 2 m and ℎ = 0.01 m. The results for the natural frequencies of the box-type structure obtained by MRRM are compared with those obtained by FEM in Table 3 , where the notations are of the same meaning as those in Tables 1 and 2 . It can be observed from Table 3 that, the natural frequencies obtained by MRRM and FEM agree well with each other. Except for certain mode numbers, the maximum of the percentage errors is 1.55 %, and most of the percentage errors are no larger than 1.00 %. The difference between the results obtained by MRRM and FEM may be caused by the approximation of FEM and the different shell theories adopted by FEM and this paper. Therefore, it indicates that MRRM is applicable for free vibration analysis of plate-shell coupled structures such as the ship hull structure, and the results are of high precision.
Conclusions
This paper presents a semi-analytical solution procedure and accurate calculation results for plate/shell coupled structures with two opposite edges simply supported. The validity and applicability of the MRRM for free vibration analysis of plate/shell coupled structures are verified. It has been proved that the results obtained by MRRM are in excellent agreement with those obtained by FEM and that high precision of MRRM has been shown. MRRM is advantageous in its simple and uniform formulation as well as accurate results for dynamic response analysis of coupled structures.
It should be pointed out that the method of reverberation-ray matrix only applies to plate/shell coupled structures with two opposite edges simply-supported at present. This limitation may be breached by replacing the standing wave form solution with the combination of the trigonometric function and the tangent or cotangent functions. The effects of the structural parameters, boundary conditions and connection forms on the vibration characteristics of the plate/shell coupled structures will be discussed in the subsequent researches. 
